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This note gives a partial answer to a problem posed by Brian Alspach in a recent issue of 
Discrete Mathematics. We show that if F,, F2, . . . , Fd is a Zfactorixation of a w-regular graph 
G of order n 2 3.23 d then G contains a d-matching with exactly one edge from each of 
44, . . ., 4. 
1. Introduction 
Let us recall the following problem which was posed by Brian Alspach [l]. 
Let FI, F2, . . . , Fd be any 2-factorization of a 2d regular graph G. Is it possible 
to find a d-matching M in G such that M contains precisely one edge from each of 
F,, 4, . . . , F,? 
Clearly G is of order n 2 2d + 1 and an easy counting argument shows that the 
answer is yes if n 2 4d - 3. This bound was slightly improved to 4d - 5 by G. Liu 
(see [2]). In this note we answer positively the question for graphs of order 
n > 3.23d. A particular case of this problem was also formulated by F. Chung 
(oral communication), who conjectured that any graph G which is the edge- 
disjoint union of d hamiltonian cycles contains a d-matching orthogonal to these 
cycles, i.e. containing precisely one edge from each cycle. 
Let us introduce some notation and definitions that will be used later. For any 
set X, 1x1 will denote its cardinality. Let G be a 2d-regular graph. Let 
4, & l l . , Fd be any 2-factorization of G. If X and Y are two subsets of V(G), 
then, for any integers iI, i2, . . . , ij, between 1 and d, we will denote by 
E- - t,,12,..., i (X, Y) the set of edges of 6, U E, U l l l U ei with one end in X and the 
other end in Y. 
2. The theorem 
eorem 2.1. If a graph G of order n is the edge disjoint of d 2-factors and if 
n 23.23d then there exists a d-matching of G with one edge in each of the 
2-factors. 
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proof. The proof will be by induction on d. If d = 1 then the result is obvious. 
We assume that the result is true for d - i but not for d and shall show that, in 
that case, n <3.23d thus proving the theorem. By induction hypothesis, G 
contains a (d - l)-matching M = {e, , e2, . . . , ed_ 1} with any edge e, in 4 for 
1 s i <d - 1. Let e, =xiyi. Let A = lJlsisd_~ {Xi, yi) and B = V(G) -A. Then 
we have IAl = 2d - 2 and 1 B( = n - 2d + 2. By assumption the subgraph induced 
by the vertices of B does not contain an edge of Fd since otherwise the result 
would be true for d. 
Let us consider the subsets S of edges of M such that, after a possible 
renumbering of the edges, if S = {ei, e2, . . . , e,) then, 
(a) there exist two distinct vertices xi and y ; of B with the two edges x1x: and 
ylyl in 4, 
(b) for any i, 2 s i < q, there exist two vertices xf and yi distinct in B with the 
two edges xix: and yjyf in &i, all the {xf, yi} (i 2 1) being mutually disjoint. 
There exists at least one such subset S of cardinality one. Indeed, there always 
e.xists at least one edge e, = x,y, of M adjacent with two independent edges (i.e. 
vertex disjoint) in &(A, B). If not, as every vertex of B is adjacent with two 
edges in &(A, B), we would have IBI s IAj/2, i.e. n ~3d - 3 which ends the 
proof. 
So among all the possible subsets of M with the properties above, let us take 
one of maximum cardinal@ q. For any k, 1 c k s q, let us denote by Ak the set 
of endvertices of the edges el, e2, . . . , ek, by A; its complement in A, by Bk the 
se: af vertices xi, y: of B for 1 s s k, and by B; its complement in B. We have i 
lAkl = lBkl = 2k, IAil = 2(d - 1 - k), lB;l= n - 2d f 2 - 2k. 
Because by assumption there does not exist a d-matching orthogonal to the 
2-factorization of G, it is easy to see that E4(A4, Bi) = E4(Bs, Bh) = 
E,(B& Bi) = 8. Moreover, by the maximality of q, there is no edge of M in Ai 
adjacent to two independent (vertex-disjoint) edges of F4 in E(AG, Bi). So, as 
every vertex of Bi is adjacent to two edges of F4, we have necessarily 
IAij 3 2 I B& which gives 
ns3d-3+q (1) 
Similarly, it is not difficult to see that if there does not exist a d-matching 
orthogonal to the 2-factorization, then we have; 
E uc+~,...,~(Ak, B;) = 0, 
E ,.~+l,...,,(Bh Bi) = 89 
E ~.~+L..~(B;, B;) c {xl, Y; 1 k + 1 s i s q}, 
and 
E k,k+~ ,..., JAk U Bk, A& U Bk) c {xiyl, y,xf, 4yl 1 1 s i s k} U {ek}, 
so that, since every vertex is of degree 2 in each l$, we have: 
Pk.&+* ,....* JAk, &)I 3 2(q - k +- 1) I&I - l&l - 2, 
IEk.k+l,..., #h, &)I =(q - k + 1) IBkl - 2 Irp,I, 
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r I&,k+l.....q (B;, A;)1 s 2(q - k + 1) l&i - 2(q - k). 
Therefore the number of edges in Ek.k+l,...,q(Ak U B, Ak) is at least 2(q - k + 
l)(I&l + l&l + i&l) - (6k + 2) - %I - 6 
Each vertex of A; can be the end of 2(q - k + 1) such edges except the 
endvertices of ek+l, . . . , eq. Therefore we have 
2(q - k + 1) IA;I - 2(q - k) 2 2(q - k + l)((Akl + lBkl+ l&i) 
-(6k+2)-2(q-k) 
which gives 
02 2(q - k + l)(IAk( + IBI - IAil) - (6k + 2). 
n<4d-4-4k+ 
3k+l 
q-k+l’ 
Ifqs3wehaven s 3d directly from inequality (1). If 4 = 4 we have n s 3d + 1 
by inequality (1) and n s 4d - 9 by inequality (2) with k = 2 and thus always 
n s 3. Id. If 4 2 5 then we can take k = q - 4 and from inequality (2) we get 
Sn s 20d - 17q + 49. 
Then as, from (l), we have 4 2 n - 3d + 3, we get 
nS#d- &=3.23d. •I 
One can ask whether the coefficient of d in the condition on n can not be 
decreased. In fact it could be, but then we would need lower bound on d, if we 
use the same method. Indeed the contradiction can be given by inequality (2) 
only for 4 - k big enough, which requires that 4 is big enough. And for small 
values of 4 the contradiction can be given by inequality (1) only for d big enough. 
However, for this method to work, the coefficient of n can not be smaller than 
3.2, as we now show. Let a = q - k + 1 in (2). We get 
3q+4 
n64d+4a-4q-ll+a_. 
But then, using the lower bound on 4 obtained from (1), we get 
3q+4 
5n~16d-23+4a+- 
a ’ 
which is 
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so the inequality obtained from inequality (2) could not contradict any hypothesis 
n 2 cd for any c strictly less than 3.2. 
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